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Topic 7
Groups

RULES TO REMEMD

A set S forms a group under the ope ‘o’ if and only if all of

the following are true:

@ Itis closed under ‘o

: 0! for every element
such th ( = IE. ‘
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2 Groups

Examination auestions

Question 1

Four new exciting paint colours —red, blue, purple
and clear — were released onto the market. When
clear was mixed with any other colour, the result
was clear.

Red mixed with blue went purple, red mixed with
purple went blue, blue mixed with purple went red.
Colours mixed with their same colour remain the
same as the original.

Does this colour mixing form a group?

(Justify your answer.)

Question 2

The movements of a toy car are:

(1) turn left (<)

(2) turn right (=)

(3) no change (i.e. remain stationary) (¢)
(4) turn about 180° (O)

Construct a Cayley table and show that this set of
movements forms a group.

Question 3

Construct a Cayley table for [(mod 4), +] and
determine if it is an Abelian group.

Question 4
Show that the functions f(¢) = ¢; g(¥) = —¢, ) = %
and k(@) = —% form a group under composition.

Question 5
Find the missing entries in the set S{ p,q,r,s, t}
if the following table forms a group:

o p q r s t

p p - v - -

q - r - - p

r S s t p =

s - - q r
Question 6

Let S = {1, Bn5, 15} and let ® and ® be an operation
on S such that, if a and b are elements of S, then:
a ®b = lowest common multiple of @ and b
a ® b = highest common factor of a and b
(i) Complete the following tables which show the
results of applying @ and ® to every pair of

elements of S. For example, the lowest
common multiple of 3 and 1 is 3.

S

Q

[y

w

5

15

a®b a®b
1 (3|5 |15 a\b 1[3]|5 |15
1
3
5
15

(ii)

(iii)

(iv)

)

(vi)

Explain how the tables show that the
operations @ and ® are commutative.

Write down the value of ©, an element of S,
such that a ® u = a for every element of a
in S.

Write down the value of 7, an element of S,
such that'a ® r = a for every element of @
in S.

For.every element a.in S let a’ = %.

Complete the table below and discuss your
results.

’ ’

a a®a a®a

||~

15

Complete the table below for every combination
of @ and b in S, and use the results to prove

that (a ® b)' - a'®b.

a®b (a@b)’ a | b | adeb

(S B ECVR N e

15

W W| ||| Q

Q[

Question 7

A

)
(ii)

B D A C D B C
I R, R, R4
c C B B A A D
C A_ D B ' A C__ B
Ed: i l\v‘hl ITV Fpo
B B+ C C 1 D D A
Does this set form a group?

Is this set commutative?
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Groups

3

WOLRKED SOLUTIONS

Question 1
Resultant table (using information given):
Red Blue Clear Purple
Red Red Purple Clear Blue
Blue Purple Blue Clear Red
Clear Clear Clear Clear Clear
Purple Blue Red Clear Purple

(a) Using the above table, the set of results is closed.
i.e. red, blue, clear, purple are all members of the original set

(b) Associativity: (o = mix)
(Red o Blue) o Purple = (Purple) o Purple = Purple
Red o (Blue o Purple) = Red o (Red) = Red
~. This is not a group, as associativity is not true.

(Optional) (c) Identity: Red mix Red = Red
Blue mix Blue = Blue
Clear mix Clear = Clear
Purple mix Purple = Purple
No identity element exists (= no group)

Question 2

Properties of group:

(a) pClosed ungder ‘I:)’ I . | - { ¢ ‘ o
“ O () « -
- () @) - «
¢ «— - [0} @)
O - « o 0

(b) Associative: (i) (& o0=)o¢p = (P o = ¢
—o(2o0d)=<o(>)=9¢
(i) (0> O =@o0 =0

(_o(_)oo)z(—o((—)=o ete.

(c) Identity element u (suchthat ¢ cu = ¢ ¥ a):

po¢p=9¢
Oo(p:O ie. IE=¢

(d) Unique inverse a ! for every element such that a o ™! = IE = ¢
S o =9

(—o—).—_¢
pop =9
OOO =¢

Therefore since all group conditions have been fulfilled,
the movements of the toy car form a group.

MATHS C: Modelling and problem solving



4 Groups

Question 3
s ={o0,1,2,3}

Wi~ o+
WIN[(=O| O
O WD | =
= O|W (NN
NI O[W( w

Properties of group:

(1) Closed under +:
From the above table 0, 1, 2, 3, € S, hence closed under +’

(2) Associative: [(0+1)+2 =1)+2 = 3] = [0+(1+2) =0+3 = 3]
[(0+D+3 =1+3=0] = [0+(1+8) = 0+0 = 0]

(38) OnlyonelE, u,suchthat a+u=a 9 a€S:

0+0=0
1+0=1
2+0 =2

3+0=3 henceu=0

(4) Unique inverse a™ for every element such that a+d™! = 0

0+0=0
TEEIE=IONEES unique inverse
2+2=0
3+1=0
(5) Abelian group if commutative: 0+1 =1 =140
0+2=2=2+0
0+3=3=3+0
141 =2=1+1
1+2 =8 =2+1
1+3=0=3+1
2+3CH= 3+2

3+3=2=3+3 (i.e. symmetric about the diagonal)

Hence [(mod 4), +] forms an Abelian group.

Question 4
) = dsmmew, = -t, MOES, k) =-;

o | f & | B |E

flaf| g8 pbhi|k

8 g | f |k |'R

h h k f g

E | k| | g | f
flf®] = ro == @ 8] = e = -t = g®
fle®] = £~ = -t = &(®) gle®] = gt = -(-) =t = f(»)

1 1 1 1
fno] = 5(2) = 1 = heo o] - g2) - -2 = k0
1 1 1 1 1

fro]=(-2)- -2 -k ofmo] - g(-3) - ~(-1) - 1 - o

continued . . .
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Groups

Hf®)] = ) = 3 = k() Hf®)] = ko) = -3 = k(t)

Hg®] = h-t = L = ko He®] = k-t) = = = 3 = h(t)

qmﬂ=hG]=i=t=ﬂﬂ qMﬂ=kGJ=i}=4=gm
t t

Properties of groups:
(a) Closed under composition:
From the table, { f, & h, k} € S, hence closed.

(b) Associative:

(feg)oh=(oh=k=Ffo(goh)=Ffolk)=k
(foh)og=Mmog=k=Ffo(hog)=Ffo(k) =k
(goh)ok=(Rok=f=go(hok)=go(g) =f ete
(c) Identity element: fo f = f
g°f=8g8
hof=~nh
kof==Fk hence IE = f

(d) Unique inverse a™! for every element such that a+a™ =1 = f
fof=f 8c8=f; hoh=fi kok=7F

Hence each element has its own inverse,
= f, &, h, k form a group under composition.

Hence all group properties are satisfied,
.. the composition of functions forms a group.

Question 5

o p q r s t
P D (i) g @) r (i), s (i) ¢
q (i) g r (iv) s @iv) ¢ p
r @) r s t p (iv) g
s (i) s t (i) p q r
W t Gi) ¢ (iii) p (iv) ¢ Gv) r (iv) s

(i) This position must be ¢, since the group is closed.
(i) A group must have an identity element. From the given information,
the identity element must be p since po p = p, .. p=1.
This information can be used to fill in:
gep=q rop=r  sop=s top=t
pPeoq=gq poer=r pes=s pet

Il
A

(iii) In a group, each element must have an inverse such that
pepl=I=p; qoql=I=p; ror'=1I=p;
SQS_I:Izp; tot_1=I=p

Hence p must be in each row and each column.

MATHS C: Modelling and problem solving



6 Groups

(iv) Using associativity:

[So(Sor)—sop—s] [(sos)or=qor
[so(sos) soq—t] [(s<>s)os=qos

[q0(qot)—q°p—q] [(q qQot=rot
ro(rot)=roq=-s:s (ror)ot=tot=-s
[ =] =] ]
[o(sor)— q] [(qos)orztor

[qo(SOS)—q q—r] [(@es)os=tos

Question 6 )
@) a®b ® = LCM a

®b  ®=HCF
NENEREREE NEREREREE
1[1[38[5 |15 11111
3(3 |3 [15]15 s[1[3 1|3
55 |15 5 |15 51155
1515 | 15 | 15 | 15 1513|515
G) 161=1 =101 181= 1=1®1
183= 3 =301 183=1 =3®1
185= 5 =501 185= 1 =581
1815 =15 = 1501 1915= 1 =15®1
303= 3 =303 3®3- 3 -3®3
305 =15 =503 3®5=.1 - 5®3
3015 =15 = 1503 3015 = 8.- 1508
5@5= 5 =505 5@5= 5 =505
5©15= 15 = 1505 5®15= 5 = 1505

Hence @ is commutative.

(>iii) 191=1
3®1=3
5®1=5
15®1 =15 Hence IE=u =1

@1iv) 1®15=1
3®15=3
5®15 =15
15®15 =15 Hencer = 15

Hence ® is commutative.

) a'=laé a a’ a®a a®a’
1 15 15 1
3 5 15 1
5 3 15 1
15 1 15 1

Results showthat a®a’'=1=u
and a®a’'=15=r

MATHS C: Modelling and problem solving
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(vi) 15 | _ 15 | _ 15
a®b a b
a b a®b | (a@b) | o % b

1 1 1 15 15 15 15
1 3 3 5 15 5 5
1 5 5 3 15 3 3
1 15 15 1 15 1 1
3 1 3 5 5 15 5
3 3 3 5 5 5 5
3 5 15 1 5 3 1
3 15 15 1 5 1 1
5 1 5 3 3 15 3
5 3 15 1 3 5 1
5 5 5 3 3 3 3
5 15 15 1 3 1 1
15 1 15 1 1 15 1
15 3 15 1 1 5 1
15 5 15 1 1 3 1
15 15 15 1 1 1 1

Hence using columns (a @ b)’ and a’ ® b’, we see they are equivalent.

Question 7

& ° 1 Ry | Ry | R3 | Fg | Fp1 | Ey | Fp

Fy || Fy | Fpy | Fy | Fpy1 | Ry | Rs I Ry

1. Does a ob = c wherea,b,c € S?
All operations produced elements of the set, therefore it is closed.

2. Does (aob)oc=ao(boc) VY a,b,c € S?
(Rye Fy)o Fpy = FyoFpy = Ry = Ryo (Fyo Fp,)
= RyoR; = Ry
(By o Fpg)o Ry = RioRy = I = Fyo(Fpyo Ry)
=FyoFy =1 etc

.. Associativity exists.

3. Does 31 where aol =a V aeS?

ToI=1 Fyol = Fy
Riol = R FpioI = Fpy
R2°I=R2 FVOI:-FV
R3oI = Ry Fpyol = Fpy

-. Identity element = I

MATHS C: Modelling and problem solving



8 Groups

4. Does 3 a ! suchthat aca'=1 V a e S?
Io1

R1°R3 =

R2°R2 =

Ryo R, =

FHOFH =

Fpio Fpy =

FVOFV =

Fpgo Fpy =

NNNNNNNN

. each ahas a™! suchthat a oa™ = I.
Since the set satisfies all 4 conditions, it is a group.

(b) Does aob =boa V a,beS?
R3o Fy = Fpy
FyoRy = Fpy

.. the group is not commutative (i.e. not Abelian group).
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